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We predict peculiar changes in spectral distributions of radiation emitted by ultra-relativistic
positrons and electrons in periodically bent crystals with variation of the bending amplitude. It is
shown that the changes, being sensitive to the projectile energy, manifest themselves differently for
negatively and positively charged projectiles. We demonstrate that the features observed are due to
the interplay of different radiation mechanisms occurring in periodically bent crystals. The obser-
vations are important for design, practical realization and channeling experiments with periodically
bent crystals as the key element of the novel light sources. The analysis presented is based on the
grounds of accurate numerical simulations of the channeling process.
PACS numbers: 61.85.+p, 41.60.-m, 41.75.Ht, 02.70.Uu, 07.85.Fv
For several decades, propagation of relativis-
tic charged particles in oriented crystals remains
in focus of challenging research. As predicted
by Lindhard [1], the projectiles penetrate large
distances moving along a crystallographic direc-
tion. The channeling phenomenon has been re-
ceiving a significant interest, both with respect
to a fundamental theory and the experiments.
In straight crystals, the intensity of radiation
emitted by channeling particles (the channeling
radiation, ChR [2]) exceeds by orders of magni-
tude the background bremsstrahlung (BrS) ra-
diation in the amorphous medium. In addition
to ChR, in crystals bent with a uniform curva-
ture 1/R the radiation acquires features of the
synchrotron radiation (SR) [3–5].
Another type of radiation appears in a crys-
talline undulator (CU) in which a beam of ultra-
relativistic electrons or positrons undergoes pla-
nar channeling in a periodically bent crystal
(PBC) [6, 7]. The periodic bending of the planes
gives rise to the spontaneous undulator-type CU
radiation (CUR) which can be generated in the
range of wavelengths λ from 0.1 down to 10−6
A˚. Its intensity and characteristic frequencies
can be varied by changing the beam energy, the
parameters of bending and the type of a crys-
tal. The CUR peak brilliance can be consid-
ered at the level of 1025 photons/s mrad2 mm2
0.1%BW in the photon energy range 0.1 − 10
MeV [8] which cannot be reached in modern
undulators based on magnets [9]. Present tech-
nologies are nearly sufficient to meet the condi-
tions needed to achieve the emission stimulation
in a CU [8]. The scheme for practical realization
of a CU laser was patented [10]. This device will
be capable of emitting FEL-type radiation with
λ = 10−3 − 10−1 A˚, i.e. orders of magnitude
shorter than in the current XFEL facilities [11–
15]). Light source in the hard-X and gamma ray
energy range can open new possibilities for var-
ious experiments and applications [16–19]. This
is a very ambitious goal, which imposes further
refinement of the existing apparatus, new exper-
imental approaches and technologies as well as
development of state-of-the-art theoretical and
computational methods. However, the efforts
in this direction will certainly make this field of
endeavour even more fascinating.
The feasibility for the CU scheme was pre-
dicted and verified theoretically only very re-
cently [6, 7, 20–22]. In these papers, as well
2as in the subsequent publications (see Ref. [8]
for the latest review), essential conditions and
limitations which must be met to make possible
the observation of the effect were formulated.
These papers triggered a sharp increase in pub-
lications on the subject worldwide, so that one
can state that this topic represents a new, rich
and very promising field of research.
In recent years, electron channeling and ra-
diation in bent crystals have been extensively
studied both theoretically and experimentally
[5, 23–39]. A set of experiments have been per-
formed aiming at detecting the CUR. The most
recent ones include experiments at the MAinzer
MIcrotron (MAMI) [23, 40], CERN [41] and
SLAC [42]. So far, these attempts have not been
enrirely conclusive most probably due to a not
sufficient quality of the probed periodically bent
(PB) crystalline structures [43].
In this Letter, we predict peculiar changes in
the emission spectra with variation of the am-
plitude a of periodic bending. These modifi-
cations are sensitive to the projectile energy ε
and manifest themselves differently for negative
and positive projectiles. We demonstrate that
the features observed are due to the interplay of
different radiation mechanisms occurring in pe-
riodically bent crystals, namely, the ChR, the
CUR, the SR and the coherent BrS.
Numerical modeling of the channeling phe-
nomena was performed by means of the multi-
purpose computer package MBN Explorer
[44, 45]. The channeling module of the pack-
age [46] allows for multiscale all-atom molecu-
lar dynamics simulations of the ultra-relativistic
projectiles propagation and radiation in vari-
ous enviroments including the crystalline one.
The code was benchmarked for various ultra-
relativistic projectiles channeling [8, 23, 36, 46–
48]. The atomistic approach implemented in
MBN Explorer, combined with modern numer-
ical algorithms, advanced computational facili-
ties and computing technologies makes the pre-
dictive power of the software comparable or
maybe even higher than the accuracy achievable
experimentally. Thus, the computational mod-
eling becomes a tool that could substitute (or
become an alternative to) expensive laboratory
experiments, and thus reduce the experimental
and technological costs.
In line with the experimental conditions for
electrons at MAMI [23] and with those poten-
tially achievable for positrons [49], we simulated
the channeling of ε = 270− 855 MeV electrons
and positrons in L = 20 µm thick straight and
PB diamond(110) crystals. The harmonic bend-
ing shape S(z) = a cos(2piz/λu) was assumed
with the coordinate z measured along the in-
cident beam direction. The bending period λu
was fixed at the value of 5 µm, the range of
bending amplitude includes the values a = 1.2,
2.5, 4.0 A˚. The values of ε, L, λu and a quoted
above correspond to those used in recent exper-
iments at MAMI [50].
For each set of the parameters, N = 6000
trajectories were simulated. Due to random-
ness in sampling the incoming projectiles and in
positions of the lattice atoms due to the ther-
mal fluctuations each simulated trajectory cor-
responds to a unique crystalline environment
[46]. Thus, all simulated trajectories are sta-
tistically independent and can be analyzed to
quantify the channeling process as well as the
emitted radiation. For each trajectory spectral
distribution of the emitted radiation was calcu-
lated within the cone θ ≤ θ0 = 0.24 mrad. The
resulting spectrum was obtained by averaging
over all trajectories, and thus it accounts for
contributions of the channeling segments as well
as of those corresponding the non-channeling
regime. Figure 1 presents the calculated spec-
tral distributions for 855 MeV projectiles.
Figure 1(a) serves reference purposes and il-
lustrates well-established features of the emis-
sion spectra in straight crystals (see, e.g., Ref.
[51]). For both electrons and positrons the spec-
tra are dominated by peaks of ChR, the in-
tensities of which by far exceed that of BrS
in the amorphous medium. Different charac-
ter of channeling oscillations by positrons and
electrons result in differences in the peak pro-
files. For positrons, nearly perfect harmonic
3FIG. 1. Spectral distributions of radiation by 855 MeV electrons and positrons for the straight (a) and
PB diamond (110) crystal for different bending amplitudes as indicated in (b-d). The electron spectra are
multiplied by factor 5. The upward arrows indicate the maxima of ChR for electrons, the downward arrows
show the positions of the additinal maxima appearing in the PBCs. Grey shading indicates statistical
errors due to the finite number of simulated trajectories. For the sake of comparison, we mention that the
intensity of the background radiation (not shown in the figure) due to the incoherent BrS, estimated within
the Bethe-Heitler approximation is 0.025 (in the units 10−3 used in the figure).
channeling oscillations give rise to a narrow,
undulator-type peak at ~ω ≈ 3.6 MeV. A much
less intensive peak at ≈ 7.2 MeV corresponds
to the emission in the second harmonics. For
electrons, strong anharmonicity of the channel-
ing oscillations results in significant broadening
and lowering of the peak (note that the electron
spectra in are multiplied by factor five).
In the PBCs, Figs. 1 (b)-(d), the spectra ex-
hibit additional features some of which evolve
differently with the increase in a.
(I) First, there are CUR peaks in the low-energy
parts of the spectra. The most powerful of these
correspond to the emission in the fundamen-
tal harmonic of CUR at ~ω1 ≈ 1 MeV in both
electron (’-’) and positron (’+’) spectra. To be
noted is the non-monotonous dependence of the
peak intensities, I
(±)
CUR(a), on a.
(II) The second feature, concerns a strong sup-
pression of ChR in the positron spectra as a
increases. Indeed, for periodic bending with
a = 1.2 A˚ the ChR intensity, I
(+)
ChR(a), drops
by a factor of two as compared to the straight
crystal, a = 0, whereas for larger bending am-
plitudes the ChR peak virtually disappears.
(II) Finally, we mention the evolution of the
electron ChR spectrum. Its intensity I
(−)
ChR(a)
does not fall off so dramatically as for positrons.
Next, as a increases the ChR peak (marked with
the upward arrow in each graph) becomes more
blue-shifted and there appears additional struc-
ture (the downward arrows) on the right shoul-
der of the spectrum.
In what follows, the physical explanation of
these novel features is provided.
A particle, channeled in a PBC, experiences
two types of quasi-periodic motions: due to
the channeling oscillations and because of pe-
riodic bending of the crystal planes. To esti-
mate the dependence of ChR and CUR on the
bending amplitude a, one notices that intensity
I of the radiation emitted by a bunch of parti-
cles is proportional to (i) average number 〈N〉
of particles participating in the motion, (ii) av-
erage distance 〈L〉 covered by a particle, (iii)
squared Fourier image of the particle’s acceler-
ation, which can be written as Ω4A2 with Ω and
A standing for the frequency and the (average)
amplitude of the quasi-periodic motion:
I ∝ 〈N〉〈L〉Ω4A2 . (1)
This general relation can be applied to both
electrons and positrons.
Let us first analyze the case of a positron
channeling. In a planar channeling regime, a
charged projectile moves along the planar di-
4rection experiencing a collective action of the
electrostatic field of the lattice atoms [1]. For
a positively charged projectile, the field is re-
pulsive, so that the particle is steered into the
inter-atomic region and oscillates (channels) in
between two adjacent crystal planes. At some
stage, due to the collisions with the crystal con-
stituents, the transverse energy becomes large
enough to allow particle to leave the channeling
mode, i.e. to dechannel. The opposite process,
the re-channeling, is associated with the capture
to the channeling mode. In a sufficiently thick
crystal, a projectile can experience dechannel-
ing and re-channeling several times in the course
of propagation. In this case, the quantity 〈L〉
should account for the length of all channeling
segments in the trajectory. However, for rela-
tively thin crystals, L≪ Ld, (where Ld denotes
the dechanneling length, i.e. the average length
of a channeling segment in a sufficiently thick
crystal, e.g., [53]), the re-channeling events are
rare. This feature has been revealed also in a
series of recent simulations [5, 8, 34, 35, 39].
Using Eq. (1.50) from [53] one estimates Ld
for a 855 MeV positron in diamond(110) as ca
500 µm which is much larger than the thick-
ness L = 20 µm. In this limit, the quantity
〈L〉 can be calculated as a mean penetration
length Lp of the accepted particles, i.e. those
captured into the channeling mode at the crys-
tal entrance. Correspondingly, the quantity 〈N〉
can be associated with the number of accepted
particles, Nacc, which is related to the channel
acceptance A = Nacc/N with N being the total
number of particles. The acceptance is maxi-
mum for a straight crystal, and gradually de-
creases with increase in the bending curvature
1/R due to the action of the centrifugal force
[52]. In a PBC, the maximum curvature of the
cosine bending profile 1/Rmax ≈ 4pi
2a/λ2u in-
creases with a, leading to the decrease in Nacc
as well as in the values of Lp.
The second and third columns in Table I sum-
marize the data on A(a) and Lp(a) obtained
via statistical analysis of the simulated trajec-
tories of positrons (the value a = 0 stands for
TABLE I. Acceptance A, penetration depth of
accepted particles Lp, mean squared amplitude of
channeling oscillations 〈a2ch〉 (in units of d
2, d = 1.26
A˚ stands for the (110) interplanar spacing), and to-
tal length of channeling segments Ltot for 855 MeV
projectiles in 20 µm thick straight (a = 0) and PB
diamond(110) crystal.
positrons electrons
a (A˚) A Lp (µm) 〈a
2
ch〉/d
2 A Lp (µm) Ltot (µm)
0 0.96 19.3± 0.1 0.060 0.72 10.9± 0.3 11.8± 0.3
1.2 0.82 19.0± 0.2 0.042 0.48 7.3± 0.3 8.0± 0.2
2.5 0.60 16.8± 0.3 0.033 0.29 5.0± 0.3 4.4± 0.2
4.0 0.24 15.1± 0.6 0.010 0.20 3.5± 0.2 2.5± 0.1
the straight channel). These data allows one to
qualitatively analyze the dependence of the in-
tensity I
(+)
CUR of CUR for positrons on a. Us-
ing Eq. (1) and taking into account the in-
dependence on the amplitude the factor Ω2u
is independent on the amplitude, one writes:
I
(+)
CUR(a) ∝ A(a)Lp(a)a
2. Here, the product of
a decreasing A(a)Lp(a) and an increasing a
2
functions of bending amplitude results in the
existence of amax which ensures the maximum
value of the CUR intensity.
Similar methodology is applicable to analyze
the dependence of the ChR intensity I
(+)
ChR on a.
In this case, assuming the harmonic character of
the channeling oscillations, one writes Eq. (1)
as follows: I
(+)
ChR ∝ A(a)Lp(a)〈a
2
ch〉(a). Here,
〈a2ch〉(a) stands for the mean square amplitude
of the channeling oscillations. This quantity is
a decreasing function of a. Indeed, as a in-
creases, the centrifugal force, especially in the
vicinity of the points of the maximum curva-
ture, drives the projectiles oscillating with large
amplitudes away from the channel resulting in
a strong quenching of channeling oscillations.
The fourth column in Table I provides the data
on 〈a2ch〉. Thus, gradual decrease in all three
factors, A, Lp and 〈a
2
ch〉 results in a consider-
able drop in the intensity of ChR: the value of
I
(+)
ChR at a = 4 A˚ is by a factor of 30 less than
for the straight channel, which is in accordance
with the trend seen in Fig. 1.
To explain the transformations in the emis-
5FIG. 2. The 2D projections of several exemplary trajectories of the 855 MeV positrons (left) channeled
through the whole L = 20 µm thick diamond(110). Thin lines mark the crystalline channels for positrons.
Graphs (a)-(d) refer to a = 0 (the straight crystal), 1.2, 2.5 and 4.0 A˚, correspondingly. The corresponding
FFT spectra calculated from all channeled trajectories are presented on the right panel. The blue (left)
vertical strip marks the Fourier signal due to the periodic bending, the red (right) strip shows the part of
the spectrum due to channeling oscillation (note the scaling factor 10).
sion spectra, let us propose an alternative ap-
proach based on a quantitative analysis of os-
cillatory modes of the simulated trajectories by
means of the fast Fourier transform (FFT). This
approach allows one to visualize the impact of
a on the amplitude of channeling oscillations.
Illustrative left panel in Fig. 2 shows sev-
eral trajectories of positrons which propagate
through the whole crystal in the channeling
regime. The right panel presents the FFT spec-
tral distributions calculated from all channeling
trajectories. In graphs (b)-(d), corresponding
to the PBCs, the FFT signals at f = 0.2 µm−1
correspond to the motion along the cosine cen-
terline with the period λu = 5 µm. These peaks
are normalized via division by a.
By comparing the spectra within the inter-
val f = 0.45 − 0.65 µm−1 (indicated in the
red shading) for the straight and PBCs one sees
the modification of the distribution of channel-
ing oscillations with respect to the amplitude
ach ∝ FFT and frequency Ωch ∝ f . In particu-
lar, the FFT spectra clearly indicate that with
increase in the bending amplitude the ChR in-
tensity decreases significantly.
To conclude the discussion of the positron
case, we remark on the dependence of the pro-
file of the emitted spectrum on the projectile
energy. Lower values of ε lead to weakening
of the centrifugal force ε/Rmax which, in turn,
lessens the suppression of the ChR contribution
to the spectrum in a PBC. Figure 3 illustrates
the evolution of the emission spectra with ε and
a. Left graph corresponds to the straight crystal
and thus shows the peaks due to the ChR (note
the scaling factor for the ε = 270 and 375 MeV
spectra). With increase in a, middle and right
graphs, the ChR peak for the 855 MeV projec-
tiles virtually disappears, whereas for lower ε it
is still well pronounced.
Let us now turn to the emission spectra due
to electrons, see Fig. 1. In contrast to the
positron case, the dechanneling length Ld of
the 855 MeV electrons in straight diamond(110)
is less than the crystal thickness L = 20 µm.
Our analysis of the trajectories simulated in
a much thicker crystal (140 µm) produces the
value Ld = 13.1 ± 0.2 µm [54]. In a PBC, Ld
is even less being a decreasing function of a.
To estimate the decrease rate, one can consider
the values the mean penetration length Lp of
the accepted electrons given in Table I. As in
6FIG. 3. Emission spectra produced by ε = 270, 375 and 855 MeV positrons in straight (left graph) and
PB (middle and right graphs with a = 2.5 and 4.0 A˚, correspondingly) diamond (110) crystals of thickness
L = 20 µm. The shaded areas indicate the statistical errors. Note the different scales of the vertical axes.
the positron case, the accepted particles pro-
vide the main contribution to the low-energy
part of the spectrum dominated by CUR. For
higher energies of the emitted radiation, i.e.
in the domain of ChR, the contribution of the
re-channeled particles to the electron emission
spectrum increases. As shown further in the
Letter, the dechanneling–re-channeling dynam-
ics together with the strong anharmonicity of
the channeling oscillations lead to modifications
in the shapes of the electron ChR spectrum dif-
ferent from those discussed for the positrons.
To reveal the evolution of the CUR peak
in the electron spectra, one starts with Eq.
(1), then follows the arguments outlined above
when discussing the positron case, and writes
I
(−)
CUR(a) ∝ A(a)Lp(a)a
2. This relation is ade-
quate when Lp(a) contains at least one CU pe-
riod. Using the data from Table I for a = 1.2
and 2.5 A˚, one explains the differences in the
CUR intensities in Figs. 1(b) and (d). For
Lp < λu, as it occurs for PB with a = 4 A˚, the
radiation becomes more synchrotron-like which
manifests itself in broadening of the peak ac-
companied by additional reduction in its inten-
sity. These features are seen in Fig. 1(d).
The interplay of several processes, occurring
in the PBCs, lead to structural transforma-
tions in the part of the spectrum ~ω & 2 MeV
FIG. 4. Fractions of channeling electrons in straight
and PB diamond (110) crystals. Left: primary frac-
tions of the accepted particles. Right: fractions
with account for the re-channeling. Vertical lines,
spaced by the half-period λu/2, mark the points of
maximum curvature of the cosine bending profile.
dominated by ChR. This radiation is emitted
by all particles experiencing channeling motion.
These include the accepted electrons as well as
those re-channeled anywhere inside the crystal.
It was shown [34] that periodicity in the bend-
ing enhances significantly the re-channeling rate
even in the limit of large bending curvatures
1/Rmax. As shown, this is in contrast with the
dechanneling rate which is virtually equal for
both PB and uniformly bent crystalline struc-
tures. Left panel in Fig. 4 shows the depen-
dences of the fraction Nch0/N of the accepted
electrons which display the channeling motion
at the distance z from the entrance. The frac-
7tion Nch/N of all electrons (the primarily and
the re-channeled ones) that move in the chan-
neling mode are shown on the right panel. The
vertical lines mark the points of maximum cur-
vature of the bending profile. At this distances,
the effect of de-channeling is the largest lead-
ing to the minima of the channeling fraction
Nch/N . In contrast, at the distances where
the curvature approaches the zero value, the re-
channeling yields a significant increase in the
number of channeling electrons. The depen-
dence of Nch/N on z allows one to calculate
the total length Ltot of all channeling segments
per a projectile. The corresponding data are
presented in the last column of Table I.
For the cosine profile of the bending, elec-
trons enter the PBC in the point of maximum
curvature. The centrifugal force filters the par-
ticles with respect to the amplitudes ach, so
that similar to the positron case the accepted
particles oscillate with comparatively small am-
plitudes. Anharmonicity of the electron chan-
neling oscillations leads to a monotonously de-
crease of their frequency with ach. Therefore,
the low-frequency channeling oscillations are
suppressed. Since the emission frequency is
related to Ωch as ω ≈ 2γ
2Ωch, one concludes
that the ChR spectrum of the accepted parti-
cles in PBCs is blue-shifted in comparison with
the straight one, and the shift increases with
a. This feature is seen in Figs. 1(a)-(d) if one
compares the positions of the first maximum
(marked with the upward arrow). The account
for the emission from the re-channeled elec-
trons allows one to explain why the ChR spec-
trum does not decrease with a at so high rate
as in the positron case. Indeed, re-channeling
events occur in the (nearly) straight parts of
the PB channel where the centrifugal force is
small. Therefore, the amplitude ach of these
particles is uniformly distributed within the in-
terval ach . d/2 giving rise to the emission into
the whole interval of the ChR energy. As a re-
sult, the low-energy part of the ChR is non-zero
for all amplitudes considered, and the ratio of
the maximum values of the intensity with good
accuracy follows the ratio of the Ltot values.
Finally, let us comment on the additional
structure (marked with downward arrows)
which appears as a hump at ca 10 MeV in Fig.
1(b) and gradually shifts to higher energies as a
increases. We attribute it to the coherent BrS
radiation which appears in a PBC. In a straight
crystal, coherent BrS is emitted by projectiles
which traverse the planes under the angle larger
than Lindhard’s critical angle thus experienc-
ing quasi-regular correlated collisions with the
atoms [55]. Its maximum is located well-above
that of the ChR (in our case, it is beyond 30
MeV which is the largest abscissa in Fig. 1(a)).
Additional, less frequent, periodicity appears in
the non-channeling segments of the simulated
trajectories in the PBC due to the periodicity
in bending. This periodic mode leads to the
additional structure in the emitted spectra.
In summary, the channeling and radiation of
855 MeV electrons and positrons in PB dia-
mond (110) crystalline structures has been sim-
ulated by means of accurate numerical proce-
dure based on all-atom molecular dynamics. A
particular focus of the studies is on the impact
of the bending amplitude a on the intensities of
the emitted CUR and ChR. We predict, in par-
ticular, that for both projectiles the intensity
of CUR is a non-monotonous function of a, so
that one can find the optimal periodic bending
of the crystal planes which ensures the highest
yield of CUR. This result is important for the
experimental studies of the radiation from CUs
as well as for designing and practical realization
of PB crystalline structures as the key element
of the novel, CU-based light sources. Another
important prediction concerns the possibility to
manipulate with the ChR intensity by varying
the positron beam energy ε and the bending am-
plitude. In particular, by a proper choice of a
one can decrease the ChR intensity by orders of
magnitude but, at the same time, maintaining
high yield of the CUR. This effect can be uti-
lize to reduce the radiative energy losses which
in oriented crystals are mainly due to ChR. Low
radiative energy losses maintain the stability of
8the CUR signal in thick crystals.
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